Abstract. In this short note we give a simple proof for the local existence and uniqueness for the Ricci flow on a compact manifold. We suggest a new setting for studying the space of Riemannian metrics on a compact manifold.
In a series of papers ( [5, 6, 4] ) the auther has studied a new class of generlized Fréchet manifolds. In this short note we give an almost evident application of these manifolds to study geometric evaluations equations.
A Ricci flow is a family of Riemannian metrics gptq on a smooth manifold, parametrized by a time interval I Ă R and evolving by
where Ricpgptqq is the Ricci curvature of the metric gptq. One considers t as time and studies the equation as an initial value problem, that is to say find a one-parameter family pM, gptqq of Riemannian manifolds with gp0q " g 0 satisfying the Ricci flow equation. The Ricci flow is a weakly parabolic system, therefore, the short-time existence does not come from the general PDE theory. The original proof of the local existence and uniqueness for solutions to the Ricci flow on a compact manifold by Hamilton ([10] ) is sophisticated and involves the tame Fréchet setting and the Nash-Moser inverse function theorem. Later, DeTurck [2] simplified the proof by adding to the equation a separate evolving diffeomorphism to make it a strongly parabolic and deduced the local existence and uniqueness from an equivalent equation which is strictly parabolic, and the classical inverse function theorem suffices.
The key ingredient to study geometric evaluation equations is a structure of the space of all Riemannian metrics on a given manifold which is a Fréchet manifold. There are some intrinsic difficulties with Fréchet spaces such as the lack of a general theory for ODEs and an inverse function theorem (in general) that make the proofs of results (like the Hamilton's proof) involving these spaces formidable. However, there are some ways out of these difficulties.
One way is a projective limit approach where we consider a special type of Fréchet manifolds, including the space of Riemannian metrics, which are obtained as projective limit of Banach manifolds (see [3] ). Using this method a simpler proof for the short-time existence for Ricci flow was established in [8] . But this approach also has a difficulty, one needs to establish the existence of projective limits of Banach corressponding factors of geometrical and topological objects which would not be always easy.
In this article we give a simple proof for the local existence for Ricci flow. We give to the space of Riemannian metrics on a compact manifold the stracture of a generlized
Fréchet manifold, bounded (or MC k ) Fréchet manifold, introduced in [11] . These generlized manifolds surpass the calculus and geometry of Fréchet manifolds and we would expect more of their applications to problems in global analysis (cf. [6] ).
RESULT
For the reader's convenience, we briefly recall the bounded Fréchet setting. For more details we refer to [6] .
Let pF, dq be a Fréchet space whose topology is defined by a complete translationalinvariant metric d. A metric with absolutely convex balls will be called a standard metric.
Every Fréchet space admits a standard metric which defines its topology. We shall always define the topology of Fréchet spaces with this type of metrics.
Let pE, gq and pF, dq be Fréchet spaces and let L g,d pE, F q be the set of all linear maps
The transversal-invariant metric
Fréchet spaces, U an open subset of E, and P : U Ñ F a continuous map. Let CLpE, F q be the space of all continuous linear maps from E to F topologized by the compact-open topology. We say P is differentiable at the point p P U if the directional derivative d P ppq exists in all directions h P E. If P is differentiable at all points p P U, if d P ppq : U Ñ CLpE, F q is continuous for all p P U and if the induced map P 1 : UˆE Ñ F, pu, hq Þ Ñ d P puqh is continuous in the product topology, then we say that P is Keller-differentiable.
We define P pk`1q : UˆE k`1 Ñ F in the obvious inductive fashion.
If P is Keller-differentiable, d P ppq P L d,g pE, F q for all p P U, and the induced map
q is continuous, then P is called bounded differentiable. We say P is MC 0 and write P 0 " P if it is continuous. We say P is an MC 1 and write P p1q " P 1 if it is bounded differentiable. Let L d,g pE, F q 0 be the connected component of L d,g pE, F q containing the zero map. If P is bounded differentiable and if V Ď U is a connected open neighborhood of x 0 P U, then P 1 pV q is connected and hence contained in the connected component Given a closed connected smooth Riemannian manifold pM, gq, we want to endow the set M of all Riemannian metrics on it with the structure of a bounded Fréchet manifold. To get this manifold structure we need conditions of bounded geometry (cf. [1, 12] ).
Definition 1.1. We will say that pM, gq has bounded geometry, if i: the injectivity radius is positive, and
ii: the curvature tensor of M and all its covariant derivatives are bounded.
A vector (or fiber) bundle π : E Ñ M equipped with a Riemannian bundle metric and a compatible connection will be said to have a bounded geometry, if
iii: the curvature tensor of E and all its covariant derivatives are bounded.
Every bundle over a compact manifold has a bounded geometry. Furthermore, Trivial bundle, tangent and cotangent bundles, and tensor bundles are example of bundles of bounded geometry (see [12] ). Any manifold admits a metric of bounded geometry ( [9] ). Analogously, any vector bundle can be equipped with a Riemannian bundle metric and a compatible connection such that it becomes of bounded geometry ([7, Lemma 2.9]).
The bounded Fréchet manifold structure of M is a direct consequence of the following theorem. Since the space of all Riemannian metrics on a closed manifold has the structure of a bounded Fréchet manifold, we use this result to proof the short-time existence of the Ricci flow.
Theorem 1.3. There exists a unique solution gptq to the Ricci flow equation for t P r0, T q where T depends on the initial metric.
Proof. Suppose X is the MC 8 smooth vector field on M that maps a Riemannian metric g to´2Rcpgq. Then the Ricci flow curve is the smooth integral curve of this vector field. Hence the Theorem 1.2 guarantees its local existence and uniqueness with any initial metric at t " 0.
Remark 1.1. Note that MC k -differentiability is stronger and implies differentiability in the sense of Michel and Bastiani.
